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We consider the FRW cosmological model in which the matter content of universe (playing a role of
inflaton or quintessence) is given by a novel generalization of the massive scalar field. The latter is a
scalar version of the recently introduced Nonlinear Field Space Theory (NFST), where physical phase
space of a given field is assumed to be compactified at large energies. For our analysis we choose the
simple case of a field with the spherical phase space and endow it with the generalized Hamiltonian
analogous to the XXZ Heisenberg model, normally describing a system of spins in condensed matter
physics. Subsequently, we study both the homogenous cosmological sector and linear perturbations
of such a test field. In the homogenous sector we find that nonlinearity of the field phase space is
becoming relevant for large volumes of universe and then it can lead to a recollapse, and possibly
also at very high energies, leading to the phase of a bounce. Quantization of the field is performed in
the limit where nontrivial nature of its phase space can be neglected, while there is a non-vanishing
contribution from the Lorentz symmetry breaking term of the Hamiltonian. As a result, in the
leading order of the XXZ anisotropy parameter, we find that the inflationary spectral index remains
unmodified with respect to the standard case but the total amplitude of perturbations is subject to
a correction. The Bunch-Davies vacuum state also becomes appropriately corrected. The proposed
new approach is bringing cosmology and condensed matter physics closer together, which may turn
out to be beneficial for both disciplines.
I. INTRODUCTION
Scalar fields play a significant role in our understanding
of the cosmological dynamics and structure formation.
Both the inflationary epoch and the current phase of dark
energy domination can be modeled using the scalar mat-
ter (an inflaton or quintessence field). On the other hand,
the increasingly more precise astronomical observations
provide the opportunity to test various modifications of
the ordinary scalar field theories. The modified models
turn out to be useful because the standard approach is
insufficient to explain all subtleties in the observational
data. In particular, the explored research directions in-
clude String Theory-inspired cosmological models, such
as the Dirac-Born-Infeld [1, 2] and multifield models [3].
Furthermore, recent results obtained within loop quan-
tum cosmology [4, 5] provide novel solutions to the prob-
lems of classical cosmology, which can also lead to re-
thinking of the established methods.
The Dirac-Born-Infeld and multifield models share cer-
tain features with the Nonlinear Field Space Theory
(NFST) [6, 7], which has recently been proposed in a
broad theoretical context. The essential idea of the
NFST framework is rather simple. Namely, standard lin-
ear (i.e. affine) phase space of a given field theory is con-
sidered to be only a local approximation of some more
general (nonlinear) field phase space, which also leads to
a generalization of the field Hamiltonian. The freedom
in the choice of nontrivial topology or geometry of phase
spaces is in principle very large. For the mathemati-
cal and physical consistency it is enough to require that
the nonlinear phase space remains a symplectic manifold,
while the ordinary field theory is completely recovered in
the appropriate limit. We also have to mention that field
theories known as the non-linear sigma models, especially
in the Tseytlin formulation [8], can be seen as a special
type of NFST, although in the approach of [8] they are
defined on string worldsheets rather than spacetime and
their target spaces are not Riemannian.
One of the advantages of NFST is that it allows to nat-
urally implement the “Principle of finiteness”, which was
the original motivation behind the Born-Infeld theory [9].
In the Born-Infeld theory the time derivative of a field
is constrained analogously to the velocity of a relativis-
tic particle. Besides, from the modern, string-theoretic
point of view, the value of a Born-Infeld scalar field is as-
sociated with the distance between branes in the higher
dimensional space [1, 2]. The required conservation of the
causal structure leads to a constraint on the velocity with
which a brane can move, which translates into the corre-
sponding constraint on the velocity (i.e. rate of change)
of the Born-Infeld field. The restriction implies that the
field Lagrangian is given by the Lorentz factor for the
field velocity. On the other hand, in the NFST frame-
work the allowed field values (as well as their conjugate
momenta) are determined by the nontrivial structure of
an assumed nonlinear phase space. On the latter we have
to find the Hamiltonian that appropriately generalizes a
given standard field theory.
The defining feature of NFST is the nonlinearity of
field phase spaces. In this sense multi-field models, where
the configuration subspace of field phase space usually
has non-vanishing curvature, can be seen as a special
subclass of NFST. However, a NFST model can also be
constructed from a single-component scalar field, as we
will discuss in a moment. In the case of multi-field mod-
els the nontrivial geometry is not introduced in the field’s
momentum space, which ensures that the Lorentz sym-
metry of the field is preserved. In turn, in NFST the
whole phase space is generally non-trivial and this may
2not even allow a global decomposition of phase space into
the configuration and momentum spaces. While symme-
tries of the background spacetime are not modified, the
Lorentz symmetry of the field will usually be violated.
One still might ask whether there are any strong rea-
sons to generalize the standard linear phase spaces of
fields. A number of arguments and motivations, related
especially to quantum gravity, can be found in the orig-
inal reference [6]. Let us here mention two important
premises. The first one is related to special properties of
compact phase spaces. Namely, when the area of phase
space is finite, it can accommodate only a finite num-
ber of degrees of freedom, each occupying a cell with the
area of 2pi~.1 This implies the finite dimensionality of the
Hilbert space in the corresponding quantum theory (see
below), which is the quantum counterpart of the Prin-
ciple of finiteness and may naturally solve the problem
of UV divergences in quantum field theory. The second
premise concerns the particular example of a compact
phase space that is given by a sphere and therefore is
equivalent to the phase space of a spin. The latter rela-
tion leads to an exact analogy between fields (with com-
pact phase spaces) and spin systems, first observed in
[10], where it has been called the Spin-Field Correspon-
dence. In principle, this kind of duality should allow us
to find the spin system counterparts for different types
of field theories. Such an approach is in the spirit of the
broadly considered analog condensed matter models of
gravity [11]. However, it should not only allow to design
a condensed matter system that, in the linear limit, em-
ulates a given field theory, but also to hypothesize about
the fundamental origin of physical fields.
In order to introduce NFST in the cosmological context
we first have to discuss a scalar field theory defined on
Minkowski spacetime. In such a case phase space of the
field at any point of space, or for any Fourier mode, is
a linear space R2. Then the simplest construction of a
compact NFST model is to reinterpret the field phase
space R2 as the small field approximation of a sphere S2
that is equipped with the appropriate symplectic form
and Hamiltonian. In [6] (see also [7]) it has been done
at the level of Fourier modes and in [10] at the level
of space points, which gives us two inequivalent models
where the total field phase space is an infinite collection
of spheres. In this paper we will restrict to the model
constructed in the position representation, since it has a
direct connection with spin systems in condensed matter
physics.
There are three parametrizations of the spherical phase
space that will be of interest to us here (see Fig. 1). The
first one is given by usual angular coordinates φ ∈ [−pi, pi)
and θ ∈ [0, pi]. The second uses the physical phases space
variables ϕ and piϕ, with the origin at (φ, θ) = (0, pi/2).
More details on the description of phase space in this
1 The area may change if the uncertainty relation is deformed.
parametrization can be found in [6, 10]. Finally, the
third possibility is the Cartesian parametrization, in
which coordinates represent components of a spin vector
S = (Sx, Sy, Sz) and in terms of the two other parame-
terizations they can be expressed as:
Sx := S sin θ cosφ = S cos
(
piϕ
R2
)
cos
(
ϕ
R1
)
, (1)
Sy := S sin θ sinφ = S cos
(
piϕ
R2
)
sin
(
ϕ
R1
)
, (2)
Sz := S cos θ = S sin
(
piϕ
R2
)
, (3)
together with the obvious condition S2x + S
2
y + S
2
z = S
2,
where S is the sphere’s radius. Moreover, the dimension-
ful constants R1 and R2 satisfy the relation R1R2 = S, so
that the standard symplectic form on a sphere in terms
of the ϕ and piϕ variables is given by
ω = cos
(
piϕ
R2
)
dpiϕ ∧ dϕ . (4)
Since ω is equal to the area two-form, integrating it over
the whole phase space one obtains the total area of the
latter: Ar(S2) =
∫
S2 ω = 4piS. Meanwhile, in the ordi-
nary quantum theory every degree of freedom occupies
the area 2pi~ and hence we infer that S is subject to
the quantization condition S = jℏ, with 2j ∈ N. This
allows us to relate dimension of the spin Hilbert space
dim(Hj) = 2j + 1 with the area of phase space in the
semiclassical regime.
We now need to choose the Hamiltonian on the dis-
cussed phase space. According to what we mentioned
above, a spherical phase space of the field, which is at-
tached at each point of space, can also be seen as describ-
ing a fictitious spin. Therefore, we may try to apply here
the known models from condensed matter physics. In
this paper we will restrict our investigations to the XXZ
generalization of the (continuous) Heisenberg model. As
discussed in [10], the XXX Heisenberg model coupled to
a constant magnetic field emulates the non-relativistic
scalar NFST with the quadratic dispersion relation. On
the other hand, it has been shown [12] that the general-
ization of the Heisenberg XXX model to the XXZ model
allows us to recover the relativistic scalar NFST, in the
limit of vanishing anisotropy parameter ∆.
Let us first write the Hamiltonian for the discrete XXZ
Heisenberg model of spins on a cubic lattice in three spa-
tial dimensions:
HXXZ = −J
∑
i,j
(
S(i)x S
(j)
x + S
(i)
y S
(j)
y +∆S
(i)
z S
(j)
z
)
− µ
∑
i
B · S(i) , (5)
where the first sum is performed over the nearest neigh-
bors. J and µ denote the coupling constants, B is an ex-
ternal magnetic field and ∆ the dimensionless anisotropy
3FIG. 1. Geometrical relation between a vector S and vari-
ables ϕ, piϕ in the linear approximation. The precession of S
around the x axis (see below) determines a closed trajectory
in the (ϕ, piϕ) linear phase space, which is an ellipse for small
precession angles.
parameter, defined so that for ∆ = 1 the XXZ Heisen-
berg model reduces to the XXX model. The interaction
of spins S(i) with the magnetic field B leads to the spin
precession, which plays a crucial role in the duality be-
tween a spin system and NFST that has been mentioned
above (see also the next Section). In the continuum limit
the Hamiltonian (5) becomes
HcontXXZ = −J˜
∫
d3x
[
(∇Sx)2 + (∇Sy)2 +∆(∇Sz)2
]
− µ˜
∫
d3xB · S , (6)
with the new coupling constants J˜ and µ˜. It should be
stressed that in the continuous case the vector S naturally
gains the dimension of density (i.e. 1/[length]3 in the
units of ~ = 1 = c). However, for the later convenience
the dimension can be absorbed into the definitions of J˜
and µ˜.
There are two main objectives of this paper. Firstly, to
study an application of the scalar NFST as an inflaton or
quintessence field on the FRW background. Secondly, to
examine a possibility of testing predictions of the consid-
ered framework with the use of present astronomical ob-
servations. In Sec. II we start by defining a homogenous
cosmological model with a matter field corresponding to
the continuous XXZ Heisenberg model. Its dynamics is
analyzed in the Hamiltonian framework for an arbitrary
value of S. Subsequently, in Sec. III we derive the lead-
ing order inhomogeneities, which correspond to the limit
S →∞. The Hamiltonian obtained from the XXZ model
includes the Lorentz symmetry breaking term, propor-
tional to the anisotropy parameter ∆. We study genera-
tion of quantum inflationary inhomogeneities taking this
effect into account. Finally, in Sec. IV we summarize our
results and discuss prospects of the further development
of the considered framework.
II. HOMOGENEOUS COSMOLOGICAL MODEL
The purpose of this Section is to construct a homoge-
neous and isotropic cosmological model with the scalar
matter field described by the XXZ Heisenberg model (6).
According to the results of [10], one can expect that the
Hamiltonian (6) in the leading order is equivalent to the
Hamiltonian of a massive scalar field on the FRW back-
ground, which is widely used to model the inflationary
dynamics. Below we will relate the parameters appear-
ing in the Heisenberg model with the scalar field’s mass
and the cosmological scale factor, so that in the limit
S →∞ we can recover the known expressions for an or-
dinary inflationary model. To this end let us begin with
the case of a standard scalar field defined on the FRW
background.
A. Symplectic form
Analogously to the case of Minkowski spacetime dis-
cussed in the Introduction, we first note that phase space
of a scalar field on the FRW background is R×R equipped
with the symplectic form ωϕ = V0dpiϕ ∧ dϕ (here ϕ, piϕ
are coordinates on R2). The factor V0 denotes a fiducial
volume over which the Hamiltonian density is integrated
and we introduce it since the integration over the whole
spatial slice R3 leads to an infinite result (i.e. IR diver-
gence). Thereafter, V0 will be absorbed into the defi-
nition of field variables and will not appear in the final
results. Namely, the momentum piϕ can be rescaled as
follows piϕ → piϕ/V0, so that the symplectic form for the
scalar field becomes ωϕ = dpiϕ ∧ dϕ.
The other ingredient of an ordinary inflationary model
is the dynamical FRW background. Its degrees of free-
dom are usually chosen to be the dimensionless scale fac-
tor a, which relates the comoving and physical distances,
and the conjugate momentum. The scale factor can be
normalized in such a way that a = 1 at some chosen mo-
ment of time. For convenience, in this paper we replace
a by the dimensionful volume variable q ≡ V0a3, which
measures the expanding (or contracting) volume of a re-
gion V0. q is complemented by the canonically conjugate
momentum p.
Consequently, the total phase space of the model is
four dimensional and its symplectic form is assumed to
be composed of two independent contributions, namely
ωtot = ωFRW + ωϕ , (7)
4where ωϕ = dpiϕ ∧ dϕ and the gravitational component
has the canonical form
ωFRW = dp ∧ dq . (8)
Now we would like to generalize the standard symplec-
tic form (7) to the case of a scalar field with the spherical
phase space. The symplectic form for such a field defined
on the Minkowski background is given by (4). Therefore,
our straightforward approach for the FRW background
is to consider the following two-form
ω = dp ∧ dq + cos
(
piϕ
R2(q)
)
dpiϕ ∧ dϕ , (9)
where we allow the R2 constant to become some func-
tion of q. In the R2 → ∞ limit the form (9) reduces to
the symplectic form (7), as it should be for the model
in the linear phase space limit. The basic requirement
of the correspondence with the standard scalar field is,
therefore, satisfied.
The second requirement is that the two-form (9) is
symplectic, which is satisfied if and only if it is closed
(i.e. dω = 0). In the case of the canonical form (7)
this condition is trivial. On the other hand, for the new
symplectic form (9) it implies that
R2(q) = R2 = const , (10)
as in (4). The matter contribution to the total symplec-
tic form is therefore expected to be independent of the
variable q. Actually, this is analogous to an ordinary
scalar field theory, in which passing from the Minkowski
to FRW background does not affect the form ωϕ.
Inverting the symplectic form (9) we can derive the
corresponding Poisson bracket
{·, ·} := (ω−1)ij(∂i·)(∂j ·) =
[
∂·
∂q
∂·
∂p
− ∂·
∂p
∂·
∂q
]
+
1
cos
(
piϕ
R2
) [ ∂·
∂ϕ
∂·
∂piϕ
− ∂·
∂piϕ
∂·
∂ϕ
]
, (11)
which will be used in the further analysis of the model’s
dynamics. Nevertheless, one might still wonder whether
a different generalization of the standard symplectic form
(7) to the case with the spherical phase space, leading to
a different bracket than (11), could also give us valuable
results. In the Appendix we briefly discuss one such pos-
sibility, which is obtained by relaxing the requirement
that the two-form (9) is closed. The two-form is still
constrained by the topology of phase space and has to
be closely related to (4). In particular, a function other
than cosine would either naturally correspond to a dif-
ferent topology or not lead to a sensibly defined phase
space.
B. Matter Hamiltonian
Dynamics of an ordinary homogeneous massive scalar
field is determined by the Hamiltonian
Hϕ =
∫
V0
d3xNa3
(
pi2ϕ
2a6
+
1
2
m2ϕ2
)
= NV0a
3
(
pi2ϕ
2a6
+
1
2
m2ϕ2
)
, (12)
wherem is the field’s mass and N denotes the lapse func-
tion, which is associated with the time reparametrization
symmetry. Due to the homogeneity of the integrand in
(12), the integration reduces to
∫
V0
d3x = V0. With the
use of the q variable introduced in the previous Subsec-
tion and the rescaling piϕ → piϕ/V0 (necessary to obtain
the well normalized symplectic form ωϕ = dpiϕ∧dϕ), one
can simplify the Hamiltonian (12) to
Hϕ = Nq
(
pi2ϕ
2q2
+
1
2
m2ϕ2
)
. (13)
This is the expression that should be recovered in the
S → ∞ limit of a homogenous scalar NFST, which
is described by the Hamiltonian analogous to the XXZ
Heisenberg model (6).
The first term of (6) contains spatial derivatives and
therefore will not contribute to the homogenous sector of
the corresponding scalar field. What matters is the term
describing interaction with a magnetic field B. Similarly
as in [6, 10], we choose the vector B to be oriented along
the x axis (i.e. B := (Bx, 0, 0)), so that the precession
of a spin S occurs around this direction (as depicted in
Fig. 1). Then to obtain the scalar field Hamiltonian cor-
responding to −µ˜ ∫ d3xBxSx we have to introduce the
cosmological scaling and freedom of time reparametriza-
tion, which can be accomplished through multiplying the
measure d3x by Na3. The resulting Hamiltonian is
HS = −Nqµ˜BxSx (14)
= Nq
(
−µ˜BxS + µ˜BxS
2R22
pi2ϕ +
µ˜BxS
2R21
ϕ2 +O(4)
)
,
where we subsequently expanded the spin component Sx
(given by the expression (1)) up to the quadratic order
in the field variables ϕ, piϕ.
While we have chosen R2 = const, R1 can still depend
on q. Moreover, for q = V0 ≡ q0 (i.e. a = 1), which
corresponds to the Minkowski background, the condition
R1R2 = S has to be satisfied [10]. Taking these issues
into account, the comparison of (14) with (13) allows us
to identify the following relations between the parameters
5of both Hamiltonians:
µ˜Bx =
(
q0
q
)
m
q
, (15)
R1 =
1
q
√
Sq0
m
, (16)
R2 =
√
Sq0m, (17)
and consequently R1R2 =
q0
q S. The value of q0 could in
principle be set to q0 = 1 but we will leave it unspecified
in order to keep track of the dimensions.
Finally, we note that the extra term −µ˜BxS =
−Smq0/q2 in the Hamiltonian (14) can be eliminated
by subtracting the constant S from Sx, which leads to
the properly normalized scalar field Hamiltonian of the
form
HS = Nm
(
q0
q
)
(S − Sx)
= Nq
(
pi2ϕ
2q2
+
1
2
m2ϕ2
)
+O(4) . (18)
The q-dependent energy shift in (18) ensures that energy
is positive definite and the Hamiltonian HS vanishes at
the classical minimum (ϕ, piϕ) = (0, 0). This is analogous
to the theory on the Minkowski background [6].
Therefore, an ordinary massive scalar field is indeed
recovered for small field values from the NFST Hamilto-
nian (14) analogous to the XXZ Heisenberg model. Let
us again stress that (14) can be introduced as a gener-
alization of the scalar field Hamiltonian (13) due to the
assumed spherical geometry of the field’s phase space at
every point of spacetime, which is mathematically identi-
cal to the phase space of a spin. Furthermore, the form of
the scalar field’s potential is determined by an interaction
of such (probably) fictitious spins with a constant vector
field that, in the context of condensed matter, plays a
role of the external magnetic field.
On the other hand, if the negative term in the ex-
pansion of (14) is not subtracted, the Hamiltonian (18)
becomes replaced by
H˜S = HS + δHS = −Nm
(
q0
q
)
Sx , (19)
which is negative in the regime Sx > 0, where the stan-
dard limit should be recovered. Furthermore, the δHS
term is always negative and can be perceived as a source
of negative energy, with the energy density
ρ∗ = −Smq0
q2
. (20)
This contribution scales as 1/a6 and therefore can play
a dominant role in the early universe, while becoming ir-
relevant for the late time dynamics. In particular, it may
lead to the phase of non-singular bounce, which replaces
the big bang singularity (see Subsection IID).
C. Equations of motion
According to the previous Subsections, the total
Hamiltonian for the system under consideration is
Htot = HFRW +HS
= Nq
(
−3
4
κp2 +
m
q
(
q0
q
)
(S − Sx)
)
, (21)
where κ ≡ 8piG = 8pi/m2Pl, mPl is the Planck mass and
the matter field Hamiltonian is given by (18). Using (21)
one can derive the Hamilton equations f˙ = {f,Htot} for
an arbitrary function f on phase space (q, p, ϕ, piϕ). On
the other hand, the Hamiltonian (21) can also be seen as
a constraint, imposed through the condition ∂∂NHtot = 0
(which is equivalent to vanishing of the conjugate mo-
mentum of N , i.e. pN = 0). The constraint can be writ-
ten as:
3
4
κp2 =
m
q
(
q0
q
)
(S − Sx) . (22)
In the usual way we also introduce the Hubble factor
H ≡ 1
3
q˙
q
=
1
3q
{q,Htot} = −1
2
κp , (23)
where we have chosen the gauge N = 1, which will be
kept in the remaining part of this Section. In such a case
the overdot “ ˙ ” denotes a differentiation with respect to
the coordinate time t.
Expressing p via (23) and substituting it into the
Hamiltonian constraint (22) we obtain the Friedmann
equation
H2 =
1
9
(
q˙
q
)2
=
κ
3
ρ , (24)
with the matter energy density
ρ =
m
q
(
q0
q
)
(S − Sx) . (25)
The density ρ is positive definite and vanishes in the limit
Sx → S.
Let us now derive the remaining equations of motion.
We will do it for both the components of a spin vector
S = (Sx, Sy, Sz) (as functions of ϕ and piϕ) and the field
variables ϕ and piϕ. The advantage of using the Sx, Sy, Sz
variables is that, in contrast to ϕ and piϕ, they are well
defined on the whole S2 phase space. As one can verify
by a direct calculation, they naturally generate the so(3)
algebra
{Sx, Sy} = Sz , {Sz, Sx} = Sy , {Sy, Sz} = Sx . (26)
Moreover, we find that their Poisson brackets with the
gravitational variables q and p have the form
{Sx, q} = {Sy, q} = {Sz, q} = 0 (27)
6and
{Sx, p} = ∂Sx
∂q
= −Sy
q
arctan
Sy
Sx
, (28)
{Sy, p} = ∂Sy
∂q
=
Sx
q
arctan
Sy
Sx
, (29)
{Sz, p} = ∂Sz
∂q
= 0 . (30)
Using the above formulae we derive the evolution equa-
tions
S˙x = {Sx, Htot} = 3
2
NκpSy arctan
Sy
Sx
, (31)
S˙y = {Sy, Htot} = NmSz − 3
2
NκpSx arctan
Sy
Sx
, (32)
S˙z = {Sz, Htot} = −NmSy , (33)
and they naturally satisfy ∂tS
2 = 2(SxS˙x + SyS˙y +
SzS˙z) = 0. We also find that the equation of motion
for p is
p˙ =
3
4
Nκp2
+
Nm
q
(
q0
q
)(
S − Sx − Sy arctan Sy
Sx
)
. (34)
On the other hand, for the ϕ and piϕ variables we calcu-
late
ϕ˙ =
1
cos
(
piϕ
R2
) ∂Htot
∂piϕ
= N
R2
q
tan
(
piϕ
R2
)
cos
(
ϕ
R1
)
, (35)
p˙iϕ = − 1
cos
(
piϕ
R2
) ∂Htot
∂ϕ
= −NqR1m2 sin
(
ϕ
R1
)
, (36)
which are well posed on the hemisphere where ϕR1 ∈
(−pi/2, pi/2) and piϕR2 ∈ (−pi/2, pi/2). In the case of
Minkowski spacetime (q = const), the exact solutions
of the equations (35-36) can actually be found (see [7]).
In general, as one can easily verify, the standard equa-
tions of motion for a massive scalar field are recovered
in the limit of R1 → ∞, R2 → ∞. Both of the limits
are obtained when S → ∞. However, one has to keep
in mind that R1 is actually a function of q. From (16)
we infer that in the large volume limit q → ∞ we have
R1 → 0. Therefore, while taking S →∞ always leads to
the standard field dynamics, it is not obvious if this dy-
namics is recovered for some finite S in the large volume
limit, q → ∞. This issue will be addressed in the next
Subsection.
D. Basic features of the dynamics
In this Subsection we present a preliminary discussion
of the features of dynamics described by evolution equa-
tions calculated above. The complete analysis is beyond
the scope of this paper and will be a subject of the future
investigations. Here we focus on the most basic proper-
ties of the considered model.
We start by deriving the O(1/S) corrections to the
standard equations of motion expected for cosmology
with a massive scalar field. To this end let us first remind
that in the case of such an ordinary scalar field the ex-
pressions for its energy density and pressure respectively
have the form
ρϕ :=
pi2ϕ
2q2
+
1
2
m2ϕ2 , (37)
Pϕ :=
pi2ϕ
2q2
− 1
2
m2ϕ2 . (38)
Applying the above definitions to the Friedmann equa-
tion (24), where we expand the energy density (25) as a
series in 1/S, we obtain
H2 =
κ
3
ρϕ − κ
9
q2
Sq0m
(
ρ2ϕ −
1
2
P 2ϕ
)
+O(1/S2) . (39)
As one can see, the leading order correction does not
only depend on the field’s energy density but also on
its pressure. These new contributions become more and
more relevant with increasing q. Therefore, we can ex-
pect that the spherical geometry of phase space modifies
the late time dynamics. In particular, the correction in
(39) becomes negative if ρ2ϕ − 12P 2ϕ > 0, and this can
lead to the effect of recollapse, as we will discuss below.
For the special case of the barotropic equation of state
Pϕ = wρϕ, the correction term remains negative if the
condition |w| < √2 is satisfied, which covers most of the
types of matter considered in cosmology.
Furthermore, let us observe that expanding the equa-
tions of motion (35-36) up to the first order in 1/S we
obtain
ϕ˙ =
piϕ
q
+
piϕ
Sm
q
q0
(
pi2ϕ
3q2
− m
2
2
ϕ2
)
+O(1/S2) , (40)
p˙iϕ = −qm2 ϕ+ q
3m3
6Sq0
ϕ3 +O(1/S2) . (41)
Combining the above equations we can derive the modi-
fied Klein-Gordon equation
ϕ¨+ 3Hϕ˙+m2ϕ = −q
2m
Sq0
[
3Hϕ˙ϕ2 + 2ϕ˙2ϕ− 2m
2
3
ϕ3
]
+O(1/S2) , (42)
which is quite complicated and therefore we do not an-
alyze it further here. In the leading order, the late time
oscillation of the field at the bottom of the potential well
is approximated by the solutions:
ϕ ∝ cos(mt+ α)
t
and q ∝ t2 , (43)
7where α is a constant of integration. Hence one can show
that at late times the average pressure is approximately
zero 〈Pϕ〉 ≈ 0, while energy density ρϕ ∼ 1/q. In other
words, in this regime the field effectively behaves like a
dust matter.
Consequently, the modified Friedmann equation (39)
at large q (i.e. late times) can be written as
H2 ≈ κ
3
ρϕ
(
1− ρϕ
ρX
)
, (44)
where we neglected the pressure term, while
ρX :=
3Sq0m
q2
. (45)
is the energy density scale. We note that ρX is inversely
proportional to q2. In other words, the equation (44) is
obtained by taking the Friedmann equation (24) and ex-
panding the energy density (25) (where Sx is a trigono-
metric function (1) of ϕ and piϕ) in terms of the stan-
dard expressions for the scalar field’s density and pressure
(given by (37-38)). The simplification from (39) to (44)
originates in the late time (oscillatory) evolution of the
field, which allows us to average out the pressure con-
tribution. Worth mentioning is also that the equation
(44) has a similar structure to the effective Friedmann
equation in loop quantum cosmology [4, 5].
For the discussed late time dynamics, assuming that
the terms O(1/S) are still negligible and do not affect
significantly the approximate solutions, the Friedmann
equation (44) with ρϕ = c/q (where c is some constant)
leads to
H2 =
κ
3
c
q0a3
− κ
3
c2
3Sq0m
+O(1/S2) , (46)
where we fixed the current value of the scale factor as
a = 1, which is equivalent to q = q0. Surprisingly,
while the first contribution to (46) describes the dust
matter content (which possibly can play a role of dark
matter), the second contribution is constant and can be
interpreted as the negative cosmological constant term,
namely
Λ := − κc
2
3Sq0m
. (47)
Therefore, within our model both dark matter and neg-
ative cosmological constant possibly emerge as late time
contributions of the scalar field. However, in case the in-
flationary period is driven by the field under considera-
tion, its late time contribution to dark matter is naturally
expected to be marginal.
Negative cosmological constant may eventually lead to
a recollapse, occurring at the density scale ρϕ = ρX .
This is under the assumption that the higher order terms
will not spoil the discussed approximate dynamical be-
haviour. Writing the density in the form ρϕ = ρ0
q0
q (such
that c = ρ0q0), we find that the solution to the condition
ρϕ = ρX is
qcollapse =
3Sm
ρ0
. (48)
Another interesting possibility concerns the slow-roll
regime of the field dynamics, in which Pϕ ≈ −ρϕ = const.
Then the modified Friedmann equation (39) simplifies to
H2 =
κ
3
ρϕ − κ
18
q2
Sq0m
ρ2ϕ +O(1/S2) . (49)
In such a case, the first contribution is approximately
constant, while the second one scales as q2. The lat-
ter corresponds to the effective fluid characterized by the
equation of state P = weffρ, with weff = −3, which de-
scribes the so-called phantom matter [13]. Consequently,
the correction term is leading to a recollapse of universe,
similarly as in the case of oscillatory regime.
It is worth stressing that at early times (small q) the
NFST corrections to the ordinary cosmological model
are expected to be much smaller than for the late time
dynamics. In particular, we expect that for sufficiently
small q the standard scalar field dynamics is recovered,
as one can infer from the expansions (40) and (41). The
choice of initial conditions may, however, be affected by
the nontrivial nature of the field phase space.
On the other hand, there is also a possibility that
the negative energy density (20), which has been sub-
tracted in the definition of the considered Hamiltonian
(18), should actually be taken into account. In such a
case it is necessary to balance (20) by an additional con-
tribution to the total energy density (e.g. radiation or
cosmological constant). As the result, ρ∗ will dominate
the energy density at sufficiently small q, leading to the
phase of a cosmic bounce, while at the intermediate en-
ergy scales the standard scalar field approximation, with
ρ ≈ ρϕ, remains valid. At late times the O(1/S) correc-
tions will start to prevail, triggering a recollapse. Briefly
speaking, the above matter content may give us a non-
singular oscillatory cosmological model. This interesting
possibility will be investigated elsewhere.
III. PERTURBATIVE COSMOLOGICAL
INHOMOGENEITIES
In the previous Section we introduced and discussed
the homogeneous cosmological model employing a scalar
field with the spherical phase space. The tentative anal-
ysis of its dynamics, which is determined by a Heisenberg
model, was performed in the whole range of variability
of the field values, including the region far beyond the
domain where the linear phase space approximation is
valid. Our next purpose is to study what are the conse-
quences of applying such dynamics at the level of pertur-
bative cosmological inhomogeneities. Similarly as in the
homogeneous case, we will consider the scalar field theory
8whose Hamiltonian is derived from the XXZ Heisenberg
model. However, while previously we calculated the ex-
act form of the evolution equations with an arbitrary S
and analyzing them we were using expansions up to the
first order of 1/S, here we will restrict to the effects that
remain in the S →∞ limit. This limit corresponds to the
quadratic form of the Hamiltonian and the linear order
of perturbations.
Let us again start with an inhomogeneous massive
scalar field on the Minkowski spacetime background. Ex-
pressing the Hamiltonian (6) of the continuous XXZ
Heisenberg model in terms of the field variables ϕ, piϕ, via
the relations (1-3), and keeping only the leading terms of
the 1/S expansion we obtain
Hϕ =
∫
d3x
[
pi2ϕ
2
+
1
2
(∇ϕ)2 + 1
2
m2ϕ2 +
∆
2m2
(∇piϕ)2
]
,
(50)
where m is the field’s mass, being a function of the pa-
rameters of the Heisenberg model (6), analogously to (15-
17). The scalar field Hamiltonian (50) is a generaliza-
tion of the one derived in [10] from the XXX Heisenberg
model, which corresponds to ∆ = 1. The extra term
∆
2m2 (∇piϕ)2 for ∆ = 1 reflects the rotational symmetry
of the XXX Heisenberg model. Breaking of this symme-
try is controlled by the anisotropy parameter ∆. While
for ∆→ 0 the standard relativistic scalar field theory is
recovered, for ∆ = 1 we obtain the theory (50) that is
invariant under the Born reciprocity [14] transformation:
ϕ→ piϕ/m and piϕ → −ϕm.
The detailed discussion of the case ∆ = 1 can be found
in [10] and the model with an arbitrary value of ∆ will be
studied in [12]. In particular, the spherical phase space
on which the Hamiltonian (50) is defined is equipped the
Poisson bracket [10]
{f(x), g(y)} =
∫
d3z
cos(piϕ(z)/R2)
(
δf(x)
δϕ(z)
δg(y)
δpiϕ(z)
− δf(x)
δpiϕ(z)
δg(y)
δϕ(z)
)
, (51)
which is the field theoretic generalization of the second
term of the bracket (11).
In order to generalize the Hamiltonian (50) to the FRW
background we have to apply the following rescalings:
piϕ → piϕ
a3
, (52)
∇ → 1
a
∇ , (53)
d3x→ Na3d3x , (54)
where a is the scale factor and N the lapse function. As
the result, the scalar field Hamiltonian (50) on the FRW
background acquires the form
Hϕ =
∫
d3xHϕ =
∫
d3xNa3
[
pi2ϕ
2a6
+
1
2a2
(∇ϕ)2
+
1
2
m2ϕ2 +
∆
2m2a8
(∇piϕ)2
]
. (55)
In what follows we will choose the gauge N = a, so that
we deal with the conformal time τ , which is convenient in
the studies of cosmological inhomogeneities. Accordingly,
the prime “ ′ ” will denote a differentiation with respect
to the conformal time.
Our analysis of the cosmological perturbations will also
be simplified by the assumption that the inhomogeneous
part of the field ϕ can be treated as a test field, i.e. that it
does not affect the background dynamics. Furthermore,
we do not consider excitations of the gravitational de-
grees of freedom but focus only on the contributions from
the matter field. While such an approach is quite restric-
tive, it will give us the first qualitative results concerning
the statistical properties of quantum cosmological pertur-
bations in a NFST model. The complete analysis, which
would take into account the scalar gravitational degrees
of freedom, is a next step for the future work.
Instead of using the variable ϕ it is now convenient
to introduce its cosmologically rescaled version v := aϕ.
Then the Hamiltonian density in (55) simplifies to the
form in which, apart from the term proportional to ∆,
gravity manifests only as an effective modification of the
field’s mass (see below). However, due to presence of the
non-standard term ∆2m2a8 (∇piϕ)2, the relations between
ϕ, piϕ and the momentum piv canonically conjugate to
v can be expected to differ from the usual cosmological
models. Therefore, in order to obtain the Hamiltonian
H(v, piv) we will apply the following procedure:
1. We derive the Lagrangian L(ϕ, ϕ′) corresponding
to the Hamiltonian H(ϕ, piϕ).
2. We make the change of variables ϕ = v/a, which
leads to the Lagrangian L(v, v′).
3. Finally, from L(v, v′) we calculate the Hamiltonian
H(v, piv).
We begin by finding the equations of motion deter-
mined by the Hamiltonian (55):
ϕ′ =
1
a2
piϕ − ∆
m2a4
∇2piϕ , (56)
pi′ϕ = a
2∇2ϕ−m2a4ϕ , (57)
and we rewrite the first of them as
piϕ =
a2
1− ∆m2a2∇2
ϕ′
= a2
(
1 +
∆
m2a2
∇2
)
ϕ′ +O(∆2) . (58)
9The expansion around ∆ = 0 introduced here allows us
to study deviations from the standard relativistic case, in
agreement with what was discussed above. We will con-
sider the terms up to the first order in ∆. In particular,
using (58) we find that the Hamiltonian density
Hϕ =
pi2ϕ
2a2
+
a2
2
(∇ϕ)2 + 1
2
m2a4ϕ2 +
∆
2m2a4
(∇piϕ)2
(59)
corresponds to the Lagrangian density
Lϕ = a
2
2
(
(ϕ′)2 − (∇ϕ)2)− 1
2
m2a4ϕ2
− ∆
2m2
(∇ϕ′)2 +O(∆2) . (60)
Proceeding to the second step of our procedure, we
change the field variable to v, which gives us the La-
grangian density
Lv = 1
2
(
(v′)2 − (∇v)2)−
(
a2m2 − a
′′
a
)
v2
2
− ∆
2m2a2
(
∇v′ − a
′
a
∇v
)2
+O(∆2) (61)
and hence we obtain the conjugate momentum
piv :=
∂Lv
∂v′
= v′ +
∆
m2a2
∇2
(
v′ − a
′
a
v
)
+O(∆2) . (62)
Therefore, we can calculate that the Hamiltonian density
in terms of v and piv has the form
Hv := v′piv − Lv = pi
2
v
2
+
1
2
(∇v)2 + 1
2
m2effv
2
+
∆
2m2a2
(∇piv −H∇v)2 +O(∆2) , (63)
whereH ≡ a′/a denotes the conformal Hubble factor and
the quantity
m2eff ≡ m2a2 −
a
′′
a
. (64)
is the effective mass of the field.
The equations of motion resulting from (63) are
v′ = piv +
∆
m2a2
(H∇2v −∇2piv)+O(∆2) , (65)
pi′v = −m2effv +
(
1 +
∆
m2a2
H2
)
∇2v
− ∆
m2a2
H∇2piv +O(∆2) . (66)
Together they lead to the second order equation for v:
v
′′ −∇2v +m2effv
=
∆
m2a2
[(−2H+m2a2)∇2v + 2H∇2v′ −∇4v] , (67)
where, as usual, the O(∆2) terms are neglected.
However, since it is more convenient to analyze cos-
mological inhomogeneities in the Fourier space, we still
have to perform the Fourier transform of the v variable,
namely
v =
∫
d3k
(2pi)3/2
vke
ik·x . (68)
In particular, applying this to (67) one obtains the fol-
lowing equation of motion for the Fourier modes:
v
′′
k + ω
2
kvk
= − ∆k
2
m2a2
[
2H v′k +
(
k2 +m2a2 − 2H2) vk] , (69)
where ω2k ≡ k2 +m2eff and k ≡
√
k · k. It will describe
evolution of the mode functions in the quantum theory
further below.
A. Quantization of modes
The nonlinear structure of phase space may generally
lead to substantial modifications of the field quantization
procedure (see below). One of the potential problems is
that quantum operators should be defined for such phase
space variables that are globally well defined. In the Ap-
pendix we also discuss the model in which R2 is a func-
tion of q and then the bracket of phase space variables
is no longer a Poisson bracket, while the corresponding
quantum commutator turns out to be non-associative.
However, since in this Section we remain in the linear
limit S →∞ of the previous model, the standard canon-
ical quantization can still be applied. The only difference
with respect to the ordinary inflationary theory is then
the extra term in the Hamiltonian (55). Therefore, in
the current Subsection we will perform quantization of
the field modes, while in the later ones we will study an
impact of the nontrivial contributions, controlled by the
parameter ∆, on the statistical properties of quantum
cosmological inhomogeneities.
We first note that the Poisson bracket between the ϕ
and piϕ variables, given by (51), can be integrated out to
give
{ϕ(x), piϕ(y)} = δ
(3)(x− y)
cos(piϕ(x)/R2)
. (70)
The inverse cosine function on the right hand side
strongly affects the quantization, leading in particular to
a deformation of the commutation relation between field
variables [6]. However, since we are restricted here to
the linear phase space limit S →∞, the Poisson bracket
of the field variables reduces to the standard canonical
expression
{ϕ(x), piϕ(y)} = δ(3)(x− y) . (71)
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To arrive at the starting point for quantization of our
model we switch to the v and piv variables, defined in the
introductory part of this Section and then the bracket
acquires the identical form
{v(x), piv(y)} = δ(3)(x− y) . (72)
After the canonical quantization v(x) and piv(y) become
quantum operators and (72) is replaced by the corre-
sponding commutation relation
[vˆ(x), pˆiv(y)] = iδ
(3)(x− y) Iˆ . (73)
Let us remind here that we are using the units in which
~ = 1.
The operators vˆ(x) and pˆiv(y) can be now Fourier ex-
panded:
vˆ(x) =
∫
d3k
(2pi)3/2
vˆke
ik·x, (74)
pˆiv(x) =
∫
d3k
(2pi)3/2
pˆivke
ik·x. (75)
In the Heisenberg picture we decompose their Fourier
modes in the basis of creation and annihilation operators
(it can be done because the Hamiltonian operator (79)
introduced below is quadratic):
vˆk(τ) = fk(τ) aˆk + f
∗
k (τ) aˆ
†
−k , (76)
pˆivk(τ) = gk(τ) aˆk + g
∗
k(τ) aˆ
†
−k , (77)
where fk(τ), gk(τ) are complex functions, describing the
time evolution of aˆ†k and aˆk. The creation and annihila-
tion operators satisfy the standard commutation relation
[aˆk, aˆ
†
q] = δ
(3)(k−q) (which would become algebraically
deformed in the case of finite S [6]), while the commuta-
tor (73) imposes the requirement that the mode functions
are subject to the Wronskian condition
fkg
∗
k − f∗kgk = i . (78)
The properly symmetrized quantum version of the
Hamiltonian (55), in terms of the Fourier modes vˆk, pˆivk
can be written as
Hˆv =
1
4
∫
d3k
(
1 +
∆k2
m2a2
)(
pˆivkpˆi
†
vk + pˆi
†
vkpˆivk
)
+
1
4
∫
d3k
(
ω2k +
∆k2
m2a2
H2
)(
vˆkvˆ
†
k + vˆ
†
kvˆk
)
− 1
4
∫
d3k
∆k2
m2a2
H
(
vˆkpˆi
†
vk + vˆ
†
kpˆivk + pˆivkvˆ
†
k + pˆi
†
vkvˆk
)
+O(∆2) . (79)
Applying the decompositions (76-77) to the Hamilton
equation determined by (79) vˆ′k = −i
[
vˆk, Hˆv
]
, we de-
rive the equation for mode functions
f ′k =
(
1 +
∆k2
m2a2
)
gk − ∆k
2
m2a2
Hfk +O(∆2) . (80)
If one solves it for gk, it gives
gk = f
′
k +
∆k2
m2a2
(Hfk − f ′k) +O(∆2) . (81)
Finally, substituting (81) into (78) we obtain the modi-
fied Wronskian condition
fk(f
′
k)
∗ − f∗kf ′k = i
(
1 +
∆k2
m2a2
)
+O(∆2) , (82)
which has to be satisfied by functions fk.
B. Vacuum normalization
The choice of the initial state of cosmological inhomo-
geneities is highly ambiguous. In practice, the only way
to do it is to assume some particular form of the ini-
tial state and study its late time behavior. The vacuum
state is often perceived as a distinguished choice, which
is in agreement with the initial homogeneity of the early
universe. The majority of results for the primordial per-
turbations have indeed been obtained in the case of the
initial vacuum state. Therefore, finding the appropriate
vacuum state should allow us to compare predictions of
our model with results of the standard theory of a quan-
tum scalar field on the cosmological background.
The initial vacuum state |0〉 is defined as such a state
that aˆk|0〉 = 0 (for the time τ → −∞). Furthermore, the
vacuum state is assumed to be a ground energy state, in
which the vacuum expectation value 〈0|Hˆv|0〉 achieves a
minimum.
In order to find what the ground energy is, we ex-
press the quantum Hamiltonian (79) in terms of the cre-
ation and annihilation operators, using the decomposi-
tions (76-77):
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Hˆv =
1
2
∫
d3k
((
(1 +Ak)(g
∗
k)
2 + (ω2k +Bk)(f
∗
k )
2 + 2Ckf
∗
kg
∗
k
)
aˆ†−kaˆ
†
k
+
(
(1 +Ak)g
2
k + (ω
2
k +Bk)f
2
k + 2Ckfkgk
)
aˆkaˆ−k
+
(
(1 +Ak)|gk|2 + (ω2k +Bk)|fk|2 + 2Ckf∗kgk
)
aˆ†−kaˆ−k
+
(
(1 +Ak)|gk|2 + (ω2k +Bk)|fk|2 + 2Ckfkg∗k
)
aˆkaˆ
†
k
)
, (83)
where we denoted Ak ≡ ∆k2m2a2 , Bk ≡ ∆k
2
m2a2
H2 and Ck ≡
∆k2
m2a2H. Furthermore, as justified earlier the standard
commutation relation [aˆk, aˆ
†
q] = δ
(3)(k− q) can be used.
Consequently, the vacuum expectation value of (83) is
calculated to be
〈0|Hˆv|0〉 = 1
2
δ(3)(0)
∫
d3k
(
(1 +Ak)|gk|2
+(ω2k +Bk)|fk|2 + 2Ckfkg∗k
)
(84)
and we identify
Ek ≡ (1 +Ak)|gk|2 + (ω2k +Bk)|fk|2 + 2Ckfkg∗k (85)
as the energy density of a given mode k.
Let us now introduce the polar decomposition of each
complex function fk = rke
iαk . From the Wronskian con-
dition (82) we obtain the relation α′k = −Ak/(2r2k), which
can be used to eliminate αk from (85), so that it becomes
Ek = (1−Ak)r′2 + 4Ckr′r + (ω2k +Bk)r2
+ (1 +Ak)
1
4r2
+ iCk +O(∆2) . (86)
Subsequently, to find a minimum of Ek we calculate its
derivatives
1
∂r′
Ek = 2(1−Ak)r′ + 4Ckr , (87)
1
∂r
Ek = 4Ckr
′ + 2(ω2k +Bk)r − (1 +Ak)
1
2r3
(88)
and set both these expressions to zero. The solution of
the resulting system of equations is given by
r′k = −2H
∆k2
m2a2
rk +O(∆2) , (89)
rk =
1√
2ωk
[
1 +
1
4
∆k2
m2a2
(
1− H
2
ω2k
)
+O(∆2)
]
(90)
(it should be stressed that ωk depends on time via m
2
eff)
and consequently we also obtain
αk = −
∫
dτ ωk
[
1 +
1
2
∆k2
m2a2
(
1 +
H2
ω2k
)]
+O(∆2) . (91)
In the UV limit k2 ≫ m2eff, and also assuming the con-
dition ∆k
2
m2a2 ≪ 1, we can use (90) and (91) to write the
mode function in the form
fk =
1√
2k
[
1 +
1
4
∆k2
m2a2
]
exp
[
−ikτ − i∆k
3
m2
∫
dτ
a2
]
+O(∆2)
=
e−ikτ√
2k
[
1 +
∆k2
m2a2
(
1
4
− ika2
∫
dτ
a2
)]
+O(∆2) , (92)
which describes the ∆-modified version of the Bunch-
Davies vacuum state.
C. Inflationary power spectrum
The Bunch-Davies vacuum normalization of the mode
functions derived in the previous Subsection allows us
to quantify the statistical properties of the vacuum field
configuration. For the linear inhomogeneities, as the ones
considered in this Section, the vacuum expectation values
of the products of the physical field operators ϕˆ := vˆ/a
carry the whole necessary information about correlations
of quantum states. In particular, the two-point correla-
tion function can be written in the form
〈0|ϕˆ(x, τ)ϕˆ(y, τ)|0〉 =
∫ ∞
0
dk
k
sin kr
kr
Pϕ(k, η) , (93)
where the power spectrum is defined as
Pϕ(k, τ) := k
3
2pi2
∣∣∣∣fk(τ)a(τ)
∣∣∣∣
2
(94)
and we denote r = |x− y|.
As one can verify, the evolution equation for the mode
functions fk has the same form as the equation for the
Fourier modes (69), namely
f
′′
k + 2H
∆k2
m2a2
f ′k
+
[
ω2k +
∆k2
m2a2
(
k2 +m2a2 − 2H2)] fk = 0 . (95)
We notice that in the expanding regime (when the con-
formal Hubble factor H < 0) the modes are additionally
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dumped by the negative “friction term”, proportional to
H. This term can be eliminated from the equation by
introducing the new variable
yk := exp
(
−1
2
∆k2
m2a2
)
fk , (96)
in which (95) becomes
y
′′
k +
[
ω2k
(
1 +
∆k2
m2a2
)
+
∆k2
m2a2
H2
]
yk = 0 . (97)
As a specific example let us consider the de Sitter back-
ground, which is the leading order approximation (van-
ishing slow-roll parameters) of the inflationary period in
cosmology. Such a period is expected to occur due to the
background dynamics studied in Sec. II. It is known that
in the de Sitter phase the time dependence of the scale
factor is given by
a = − 1
Hτ
, (98)
with the constant Hubble factor H . Consequently, mak-
ing the change of variables to x = −kτ we can express
the equation for yk as
y
′′
k +Ω
2(x) yk = 0 , (99)
with the following time-dependent frequency squared fac-
tor:
Ω2(x) :=
(
1− 2− 3η
x2
)(
1 +
∆
3η
x2
)
+
∆
3η
, (100)
where we introduced the dimensionless parameter η ≡
m2
3H2 . The equation (99) does not have a simple solu-
tion. However, there is actually no need to solve it in
the full domain of x. From the perspective of cosmolog-
ical observations only the super-Hubble regime, where
x≪ 1, is relevant. We observe that in this regime there
is no contribution proportional to ∆ to the scaling of
Ω2(x) and therefore Ω2(x) ≈ − 2−3ηx2 , which is the same
as in the ordinary theory. Consequently, the growing
mode solution to (99) is yk ∝ x−1+η/2, which corre-
sponds to fk ∝ exp
(
1
2
∆x2
3η
)
x−1+η/2. The only differ-
ence with respect to the standard case is the exponential
factor, which, however, does not affect the power-low de-
pendence and in consequence the spectral index. The ex-
ponential factor leads to a slight shift of the amplitude of
perturbations and agrees with the contribution expected
from the ∆-modified version of the Bunch-Davies vacuum
derived in the previous Subsection.
Namely, for the de Sitter background dynamics (98)
the ∆-modified Bunch-Davies vacuum defined in (92) re-
duces to
fk =
eix√
2k
[
1 +
∆x2
3η
(
1
4
+
i
x2
∫
x2dx
)]
+O(∆2) , (101)
for which the power spectrum
Pϕ(k, τ) =
(
H
2pi
)2
x2
(
1 +
∆
6η
x2 +O(∆2)
)
(102)
and at the horizon scale x ≈ 1 it gives
Pϕ(x ≈ 1) ≈
(
H
2pi
)2(
1 +
∆
6η
+O(∆2)
)
. (103)
The magnitude of derived corrections is inversely propor-
tional to η, and therefore η has to be sufficiently large in
order to avoid deviations from the known results. More
precisely, the ratio m/H has to satisfy the following con-
sistency condition m/H ≫
√
∆.
On the basis of the above analysis one can conclude
that the spectral index
nS :=
d lnPϕ(x = 1)
d ln k
= 0 (104)
has no leading order deviations in ∆. In other words,
the power spectrum remains scale-invariant, as expected
for the de Sitter phase. The presence of ∆ is manifest
only in the amplitude of perturbations. However, the
higher order corrections in ∆ will have a non-vanishing
contribution, similarly as the corrections linear in ∆ but
multiplied by the slow-roll parameters, which is not con-
sidered in the lowest order discussion presented here.
IV. SUMMARY
This paper provides the first attempt to apply the re-
cently introduced Nonlinear Field Space Theory (NFST)
to the domain of cosmology. Let us stress that general
relativity itself was not modified but we focused our at-
tention on a scalar field describing the matter content
of the standard cosmological model. The field was gen-
eralized to have the spherical phase space, on which we
defined the appropriate symplectic form. In principle,
other choices for a bilinear two-form on this phase space
are possible as well. Some results for one of such forms
are discussed in the Appendix below.
Using the analogy between a scalar NFST with the
spherical phase space and a system of spins, we bor-
rowed the Hamiltonian for the matter field from the
XXZ Heisenberg model and adapted it to the FRW back-
ground. Then our considerations were restricted to a ho-
mogeneous cosmological model. As it was shown, the
standard dynamics of a massive scalar field is recovered
for sufficiently small volumes of universe. On the other
hand, it was found that at late times the effects of NFST
may become significant. Observational implications of
this possibility and a detailed analysis of the discussed
model deserve to be the subject of further investigations.
The preliminary results suggest that the phase of a cos-
mic bounce, which replaces the big bang singularity, can
also be obtained within our framework.
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Subsequently, we studied a generation of primordial
quantum inhomogeneities in the scalar field theory cor-
responding to the XXZ Heisenberg model. The leading
order contributions of the anisotropy parameter ∆ were
investigated. However, for the considered linear order of
the perturbative analysis, the effects of nonlinearity of
the field phase space were not taken into account. Such
higher-order effects are unavoidably associated with the
non-Gaussian features. Since non-linearity is the inher-
ent feature of the NFST proposal, studies of the non-
Gaussianity within this framework may provide a pow-
erful tool to confront the predictions of NFST with the
cosmological data.
It was shown that no corrections to the spectral in-
dex are expected at the linear order in ∆. However, it
has to be stressed that we adopted certain simplifica-
tions in our calculations. In particular, a decomposition
of the NFST scalar field into the background and per-
turbation contributions has to be investigated. Due to
the field dependent function in the Poisson bracket, such
a decomposition of the kinematics will require a subtle
treatment. Only after it is done, the homogenous back-
ground field can be considered a source of dynamics, on
the top of which the inhomogeneous modes are intro-
duced. In our simplified analysis we have not extracted
the zero mode from the field dynamics, and assumed that
〈0|ϕˆ(x, τ)|0〉 = 0.
Worth stressing is that the results of this paper open
a novel possibility of building relations between cosmol-
ogy and condensed matter physics, thanks to the dual-
ity between spin systems and NFST with the spherical
phase space that has been discussed in the Introduction.
In particular, the ∆ → 0 case, which is the relativistic
scalar NFST, is dual to the so-called XY model, which
normally provides a description of the superconductive
state of matter [15]. This relationship may turn out to
be a source of new ideas for both cosmology and con-
densed matter physics. It concerns not only models with
a scalar field, but also with other types of fields (such as
spinor and gauge fields), for which the condensed matter
dual descriptions can be potentially introduced.
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APPENDIX
Let us here consider the model in which we do not
assume that the two-form (9) on the total phase space
has to be a closed form. Then to identify the standard
Hamiltonian (13) as the small field limit of (14), under
the assumption that R1R2 → S for q → q0, we need to
impose the relations:
µ˜Bx =
m
q
, (105)
R1 =
√
S
qm
, (106)
R2 =
√
Sqm , (107)
which give us simply R1R2 = S = const. In this case q0
does not appear in any formulae. Similarly as in (18),
taking into account the appropriate (constant) energy
shift we obtain the proper Hamiltonian
HS = Nm (S − Sx)
= Nq
(
pi2ϕ
2q2
+
1
2
m2ϕ2
)
+O(4) . (108)
Consequently, the expression for energy density (25) be-
comes
ρ =
m
q
(S − Sx) (109)
and the expansion of the (modified) Friedmann equation
in 1/S can be written as
H2 =
κ
3
ρϕ − κ
9
q
Sm
(
ρ2ϕ −
1
2
P 2ϕ
)
+O(1/S2) . (110)
which differs from (39) only by the absent factor q/q0 in
the first order term.
The two-form (9) with R2(q) given by (107) is
ωϕ,q := cos
(
piϕ
R2(q)
)
dpiϕ ∧ dϕ
= dpiϕ ∧ dϕ+O
(
R−42 (q)
)
. (111)
As one can observe, in the R2 →∞ limit ωϕ,q reduces to
the standard symplectic form ω = dpiϕ ∧ dϕ. However,
(111) is not a closed form, dωϕ,q 6= 0. This has a ma-
jor impact on the corresponding algebra of phase space
variables, whose bracket is determined by inverse of the
total form ωFRW + ωϕ,q and given by
{·, ·}ϕ,q =
[
∂·
∂q
∂·
∂p
− ∂·
∂p
∂·
∂q
]
+
1
cos
(
piϕ
R2(q)
) [ ∂·
∂ϕ
∂·
∂piϕ
− ∂·
∂piϕ
∂·
∂ϕ
]
. (112)
The above algebra does not satisfy the Jacobi identity
and therefore is not a Poisson algebra, as well as can not
become the associative algebra of operators after quan-
tization. Namely, for arbitrary functions on phase space
f , g and h, the so-called Jacobiator of the bracket (112)
is non-zero and has the form
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{f, g, h} := {f, {g, h}}+ {h, {f, g}}+ {g, {h, f}}
=
piϕ
2q
√
Smq
sin
piϕ√
Smq
cos2
piϕ√
Smq
(
∂f
∂p
[g, h]ϕ +
∂h
∂p
[f, g]ϕ +
∂g
∂p
[h, f ]ϕ
)
=
(
pi2ϕ
2Smq2
+O(1/S2)
)(
∂f
∂p
[g, h]ϕ +
∂h
∂p
[f, g]ϕ +
∂g
∂p
[h, f ]ϕ
)
, (113)
where [·, ·]ϕ ≡ ∂·∂ϕ ∂·∂piϕ − ∂·∂piϕ ∂·∂ϕ . This is not a problem
by itself, since such non-Poisson physical systems have
already been considered from the theoretical perspec-
tive and can actually exist in nature, see e.g. [16] and
references therein. Moreover, they may lead to appear-
ance of the fundamental length [17] (see [18] for a rela-
tion with string theory). These systems require a special
treatment, especially regarding quantization, where one
has to use the *-products or other refined constructions.
However, in our investigations of the quantum regime in
Sec. III we restricted to the limit S → ∞, where the
form (111) becomes a (closed) symplectic form. The re-
maining non-standard features of the theory are then a
consequence of non-zero parameter ∆ in the scalar field
Hamiltonian and therefore the results of Sec. III are also
valid in the current case.
We note that a violation of the Jacobi identity in (112)
is associated only with the functions that depend on
p. Furthermore, the brackets between any pair of phase
space variables Sx, Sy, Sz, q and p do not change except
{Sx, p} = 1
2q
(
−Sy arctan Sy
Sx
+
SxSz√
S2 − S2z
arcsin
Sz
S
)
,
(114)
{Sy, p} = 1
2q
(
Sx arctan
Sy
Sx
+
SySz√
S2 − S2z
arcsin
Sz
S
)
,
(115)
{Sz, p} = − 1
2q
√
S2 − S2z arcsin
Sz
S
. (116)
Consequently, now the evolution equations for the
Sx, Sy, Sz variables become
S˙x = {Sx, Htot} = −3
4
Nκp
(
−Sy arctan Sy
Sx
+
SxSz√
S2 − S2z
arcsin
Sz
S
)
, (117)
S˙y = {Sy, Htot} = NmSz − 3
4
Nκp
(
Sx arctan
Sy
Sx
+
SySz√
S2 − S2z
arcsin
Sz
S
)
, (118)
S˙z = {Sz, Htot} = −NmSy + 3
4
Nκp
√
S2 − S2z arcsin
Sz
S
(119)
and the equation for p is
p˙ =
3
4
Nκp2 +Nm
1
2q
(
−Sy arctan Sy
Sx
+
SxSz√
S2 − S2z
arcsin
Sz
S
)
. (120)
On the other hand, the equations (35-36) in the current
case have the identical form as before but with the im-
plicit expressions for R1 and R2 given by (106-107). The
latter feature manifests itself if we expand the equations
up to the first order in 1/S, obtaining
ϕ˙ =
piϕ
q
+
piϕ
Sm
(
pi2ϕ
3q2
− m
2
2
ϕ2
)
+O(1/S2) , (121)
p˙iϕ = −qm2 ϕ+ q
2m3
6S
ϕ3 +O(1/S2) , (122)
which differ with respect to (40-41) by the absent factor
q/q0 in the first order terms. From the above equations
we also derive the corresponding modified Klein-Gordon
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equation
ϕ¨+ 3Hϕ˙+m2ϕ =
− qm
S
[
H
m2
ϕ˙3 +
3H
2
ϕ˙ϕ2 + 2 ϕ˙2ϕ− 2m
2
3
ϕ3
]
+O(1/S2) , (123)
which has one additional term in comparison with (42).
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